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In algebra, the nth cyclotomic polynomial, for any positive integer n, is the unique irreducible polynomial
with integer coefficients, which is a divisor of  and is not a divisor of  for any k < n. Its roots
are the nth primitive roots of unity , where k runs over the integers lower than n and coprime to n. In
other words, the nth cyclotomic polynomial is equal to

It may also be defined as the monic polynomial with integer coefficients, which is the minimal polynomial
over the field of the rational numbers of any primitive nth-root of unity (  is such a primitive root).
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Examples
If n is a prime number then

If n=2p where p is an odd prime number then
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For n up to 10 we have:

For n up to 30, the cyclotomic polynomials not covered by above formulas are:

The case of 105 is interesting because it is the first integer that is the product of three distinct odd prime
numbers and the 105th cyclotomic polynomial is the first one that has a coefficient of magnitude greater than
1:

Properties

Fundamental tools

The cyclotomic polynomials are monic polynomials with integer coefficients that are irreducible over the
field of the rational numbers. Except for n equal to 1 or 2, they are palindromic polynomials of even degree.
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The degree of , or in other words the number of nth primitive roots of unity, is , where  is Euler's
totient function.

The fact that  is an irreducible polynomial of degree  in the ring  is a nontrivial result due to

Gauss.[1] Depending on the chosen definition, it is either the value of the degree or the irreducibility which is
a nontrivial result. The case of prime n is easier to prove than the general case, thanks to Eisenstein's
criterion.

A fundamental relation involving cyclotomic polynomials is

which means that each n-th root of unity is a primitive d-th root of unity for a unique d dividing n.

The Möbius inversion formula allows the expression of  as an explicit rational fraction:

The cyclotomic polynomial  may be computed by (exactly) dividing  by the cyclotomic
polynomials of the proper divisors of n previously computed recursively by the same method:

(Recall that ).

This formula allows to compute  on a computer for any n, as soon as integer factorization and
division of polynomials are available. Many computer algebra systems have a built in function to compute
the cyclotomic polynomials. For example in Maple,  may be computed by typing
"numtheory[cyclotomic](n,x);".

Easy cases for the computation

As noted above, if n is a prime number then

If n is an odd integer greater than one, then

.

If n is an even integer, then

.

In particular, if n=2p is twice an odd prime then (as noted above)
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If n=pm is a prime power (where p is prime), then

More generally, if n=qmr with m>1 then

This formula may be iterated to get a simple expression of any cyclotomic polynomial  in term of a
cyclotomic polynomial of square free index: If q is the product of the prime divisors of n (its radical), then

This allows to give formulas for the nth cyclotomic polynomial when n has at most one odd prime factor: If
p is an odd prime number, and h and k are positive integers, then:

For the other values of n, the computation of the nth cyclotomic polynomial is similarly reduced to that of 
 where q is the product of the distinct odd prime divisors of n. To deal with this case, one has that,

for p relatively prime to n,[2]

Integers appearing as coefficients

The problem of bounding the magnitude of the coefficients of the cyclotomic polynomials has been the
object of a number of research papers.

If n has at most two distinct odd prime factors, then Migotti showed that the coefficients of  are all in the
set {1, −1, 0}.[3]

The first cyclotomic polynomial for a product of 3 different odd prime factors is  it has a
coefficient −2 (see its expression above). The converse isn't true:  =  only has
coefficients in {1, −1, 0}.
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If n is a product of more odd different prime factors, the coefficients may increase to very high values. E.g., 
 =  has coefficients running from −22 to 22,  = 

, the smallest n with 6 different odd primes, has coefficients up to ±532.

Let A(n) denote the maximum absolute value of the coefficients of Φn. It is known that for any positive k,

the number of n up to x with A(n) > nk is at least c(k)⋅x for a positive c(k) depending on k and x sufficiently
large. In the opposite direction, for any function ψ(n) tending to infinity with n we have A(n) bounded above
by nψ(n) for almost all n.[4]

Gauss's formula

Let n be odd, square-free, and greater than 3. Then[5][6]

where both An(z) and Bn(z) have integer coefficients, An(z) has degree φ(n)/2, and Bn(z) has degree φ(n)/2 −
2. Furthermore, An(z) is palindromic when its degree is even; if its degree is odd it is antipalindromic.
Similarly, Bn(z) is palindromic unless n is composite and ≡ 3 (mod 4), in which case it is antipalindromic.

The first few cases are

Lucas's formula

Let n be odd, square-free and greater than 3. Then[7]

where both Un(z) and Vn(z) have integer coefficients, Un(z) has degree φ(n)/2, and Vn(z) has degree φ(n)/2 −
1. This can also be written

If n is even, square-free and greater than 2 (this forces n to be ≡ 2 (mod 4)),
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where both Cn(z) and Dn(z) have integer coefficients, Cn(z) has degree φ(n), and Dn(z) has degree φ(n) − 1.
Cn(z) and Dn(z) are both palindromic.

The first few cases are:

Prime Cyclotomic numbers
If  is a prime, then the prime is a base-b unique prime. For example, if n=39, b=10, than  =
900900900900990990990991 is a prime, so it is a base-10 unique prime, and if n=30, b=2, than  =
331 is also a prime, so it is a base-2 unique prime.

The list is about the smallest natural number b>1 that  is a prime. (sequence A085398 in OEIS)

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
min b 3 2 2 2 2 2 2 2 2 2 5 2 2 2 2 2 2 6 2 4
n 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40
min b 3 2 10 2 22 2 2 4 6 2 2 2 2 2 14 3 61 2 10 2
n 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60
min b 14 2 15 25 11 2 5 5 2 6 30 11 24 7 7 2 5 7 19 3
n 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80
min b 2 2 3 30 2 9 46 85 2 3 3 3 11 16 59 7 2 2 22 2
n 81 82 83 84 85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100
min b 21 61 41 7 2 2 8 5 2 2 11 4 2 6 44 4 12 2 63 20
n 101 102 103 104 105 106 107 108 109 110 111 112 113 114 115 116 117 118 119 120
min b 22 13 3 4 7 10 2 3 12 5 12 40 86 14 268 5 24 6 148 2
n 121 122 123 124 125 126 127 128 129 130 131 132 133 134 135 136 137 138 139 140
min b 43 2 12 6 127 2 2 102 2 3 7 3 2 5 33 56 13 8 11 4
n 141 142 143 144 145 146 147 148 149 150 151 152 153 154 155 156 157 158 159 160
min b 5 46 3 6 2 18 13 4 5 2 29 9 14 3 62 4 56 2 189 20

In fact, if p is a prime, than  is (b^p-1)/(b-1) and a base-b repunit number, (111111...111111)b, so it is a
list of the smallest b>1 which  is a prime.

(sequence A066180 in OEIS)
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The list is about the first 160 primes.

p 2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71
min b 2 2 2 2 5 2 2 2 10 6 2 61 14 15 5 24 19 2 46 3
p 73 79 83 89 97 101 103 107 109 113 127 131 137 139 149 151 157 163 167 173
min b 11 22 41 2 12 22 3 2 12 86 2 7 13 11 5 29 56 30 44 60
p 179 181 191 193 197 199 211 223 227 229 233 239 241 251 257 263 269 271 277 281
min b 304 5 74 118 33 156 46 183 72 606 602 223 115 37 52 104 41 6 338 217
p 283 293 307 311 313 317 331 337 347 349 353 359 367 373 379 383 389 397 401 409
min b 13 136 220 162 35 10 218 19 26 39 12 22 67 120 195 48 54 463 38 41
p 419 421 431 433 439 443 449 457 461 463 467 479 487 491 499 503 509 521 523 541
min b 17 808 404 46 76 793 38 28 215 37 236 59 15 514 260 498 6 2 95 3
p 547 557 563 569 571 577 587 593 599 601 607 613 617 619 631 641 643 647 653 659
min b 473 417 123 30 89 88 236 76 124 2061 2 192 187 5 39 1267 190 321 24 79
p 661 673 677 683 691 701 709 719 727 733 739 743 751 757 761 769 773 787 797 809
min b 24 102 101 500 110 12 114 283 1004 566 75 398 40 62 70 61 1276 368 477 818
p 811 821 823 827 829 839 853 857 859 863 877 881 883 887 907 911 919 929 937 941
min b 342 217 168 119 202 55 430 22 438 1539 865 275 13 340 11 178 908 5 828 240

Applications

Using , one can give an elementary proof for the infinitude of primes congruent to 1 modulo n,[8] which
is a special case of Dirichlet's theorem on arithmetic progressions.

See also

Cyclotomic field
Aurifeuillean factorization
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